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Abstract
In this work, we calculate and predict the transversemomentum spectra (pT) and entropy per unit
rapidity (dΩ/dy) for hadrons (π±,K±, p, and p̄) produced in central Au–Au collisions at s 7.7NN =
and 11.5GeV, corresponding to the energies accessible atNICA (Nuclotron-based IonCollider
fAcility). The particlemomentumdistribution are analyzed using both theHadronResonanceGas
(HRG)model and the Tsallis distribution, each applied in their suitablemomentum regions.
Furthermore, a data-driven AdaptiveNeuro-Fuzzy Inference System (ANFIS)model is employed to
replicate and extrapolate the spectra based onmeasured data. TheANFIS predictions show strong
consistencywith experimental results and serve as an alternative approach for estimating physical
observables in regionswhere direct data is limited. The entropy per rapidity is then calculated using
thefitted spectra and source radii from femtoscopicmeasurements.We observe that the combined
Tsallis-HRGdescription andANFISmodel yield comparable results within uncertainties, supporting
the viability of ANFIS formodeling particle production at intermediate energies.

1. Introduction

Relativistic nucleus–nucleus collisions in the beam energy range of 4–11GeVhave drawn increasing attention
due to their potential to produce high strangeness content [1] and large baryon densities [2–4] atmoderate
temperatures. These conditionsmake this regime particularly suitable for exploring the properties of dense
nuclearmatter and investigating theQCD (QuantumChromodynamics) phase structure.

Recent experimental efforts, including low-energy scans at the SPS [5] and upcoming heavy-ion programs at
theNICA facility at JINR,Dubna [6], have revitalized interest in this intermediate region of theQCDphase
diagram.Unlike thewell-characterized extremes-cold, densematter and hot, baryon-sparsematter-this domain
remains relatively unexplored, both theoretically and experimentally. Of particular interest is the possibility that
theQCDcritical point,marking the onset of afirst-order phase transition between hadronicmatter and a
deconfined quark–gluon plasma (QGP), may lie within reach of collisions at these energies [7, 8].

LatticeQCD calculations suggest that the transition from the hadronic phase to theQGP is a smooth
crossover at low baryon chemical potential (μB) [9]. High-energy experiments such as those at the LHC (Large
HadronCollider) andRHIC (RelativisticHeavy IonCollider) have focused on studying this crossover region
under near-zeroμB conditions [10, 11]. However, future experiments at NICA and FAIR (Facility for
Antiproton and IonResearch), as well as ongoing efforts at RHIC (e.g., the STAR experiment), are targeting the
high-μB regime to explore theQCDmatter under different initial conditions [12].

Transversemomentum (pT) spectra serve as a crucial probe of the thermodynamic and dynamical evolution
of the produced system in heavy-ion collisions [13]. These spectra reflect thermalization, collective flow, and
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particle productionmechanisms and are oftenmodeled using relativistic hydrodynamics [14, 15]. Entropy per
unit rapidity (dΩ/dy), which is approximately conserved from early thermalization through to kinetic freeze-
out, offers a complementary observable that encodes information about the degrees of freedom and thermal
state of themedium [10, 16, 17].

In this work, we predict the pT spectra of identified particles (π
±,K±, p, and p̄) produced in central Au–Au

collisions at s 7.7NN = and 11.5GeVusing the AdaptiveNeuro-Fuzzy Inference System (ANFIS)model
[18–20]. ANFIS belongs to a broader class of AI-based soft computing techniques that have become increasingly
valuable inmodeling non-linear systems in high-energy physics [21–25]. The complexity of heavy-ion
collisions, where the relationships between initial conditions and final-state observables are highly non-linear,
makes AI a compelling alternative to traditional analyticalmodels [26].

Various AI techniques-including Artificial Neural Networks (ANN), Genetic algorithms (GA), Gene
Expression Programming (GEP), andANFIS-have shown strong potential in reproducing and predicting
experimental results [21, 25]. ANNs are particularly appealing due to their learning capabilities and their ability
to extract complex features fromdata [27]. ANFIS, which integrates neural networkswith fuzzy logic, has
demonstrated success in diverse fields, includingmaterial science [28], owing to itsflexibility, generalization
capability, and robustness to noise [29–32].

Here, ANFIS is employed tomodel both the pT distributions and the entropy per unit rapidity (dΩ/dy) of the
aforementioned hadrons. By training themodel on experimental data, we aim to reproduce the spectra with
high accuracy and extrapolate into unmeasured regions. This data-driven approach complements traditional
thermalmodels by improving predictions of key observables at intermediate energies.

In parallel, we analyze the same pT spectra using two theoretical frameworks: theHadronResonanceGas
(HRG)model [33] and theTsallis distribution [34–38].While the Tsallis distribution effectively describesmuch
of the pT range, it shows limitations at higher transversemomentum. TheHRGmodel is therefore used to
complement the Tsallisfit and extend coverage across the entire spectrum.

Using bothmeasured and predicted pT distributions, we calculate dΩ/dy for each particle species, drawing
onmethods that incorporate femtoscopicmeasurements (e.g., HBT correlations) for source radii [10, 16].
Previousworks have estimated entropy via dN / dy scaling [39, 40], charged particlemultiplicities [41, 42], or
direct integration over phase-space distributions [43]. Our hybrid approach combines spectral fits with ANFIS
predictions, aiming for improved resolution of entropy behavior near theQCD critical region.

The structure of the paper is as follows: section 2 introduces the theoretical and simulationmodels used.
section 3 presents the results and discussion. Conclusions and outlook are summarized in section 4.

2. The usedmodels

In section 2, we present the application of the AdaptiveNeuro-Fuzzy Inference System (ANFIS) simulation
model [28] for generating and predicting the transversemomentum (pT) spectra of particlesπ

+,π−,K+,K−, p,
and p̄ produced in Au–Au collisions at s 7.7NN = and 11.5GeV. In addition, we describe the use of two
thermalmodels-theHadronResonanceGas (HRG)model and theTsallis distribution-to fit both the
experimental andANFIS-predicted pT spectra and to estimate the corresponding entropy per unit rapidity (dΩ/
dy) for the same particle species.

2.1. ANFISmodel
TheAdaptiveNeuro-Fuzzy Inference System (ANFIS) is a widely adopted hybrid artificial intelligence (AI)
model that integrates the learning capabilities of artificial neural networks (ANNs)with the reasoning of fuzzy
logic (FL), enabling effectivemodeling of complex nonlinear systems [29, 44, 45]. ANFIS uses a hybrid learning
algorithm to optimize parameters based on training data, combining the strengths of bothAImethods.

Twomain types of ANFIS architectures exist:Mamdani andTakagi–Sugeno. TheMamdanimethod utilizes
linguistic rules fromhuman expertise and outputs fuzzy sets,making it suitable for expert systems such as
diagnostics. In contrast, the Takagi–Sugenomodel uses constant or linear output functions and applies weighted
averaging for defuzzification,making itmore computationally efficient [30, 46].

In this study, the Takagi–SugenoANFIS structure is used due to its efficiency and suitability formodeling
hadronic spectra. Its transparent rule-based frameworkmakes it ideal for interpreting physics-related outputs,
in contrast to black-box deep neural networks.Moreover, ANFIS is well suited to sparse datasets such as those
from s 7.7NN = and 11.5GeV collisions, where deep learningmethodsmay overfit. Its fast convergence and
flexibilitymakeANFIS ideal for capturing the nonlinear dynamics in pT spectra and entropy predictions.

TheANFIS architecture is composed offive layers: fuzzification, rule, normalization, defuzzification, and
output. Figure 1 shows the general ANFIS structure [31, 32, 47, 48].
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Themembership functions form fuzzy clusters using input data, with the general form:

( ) ( ) ( )A x x a b cgbellmf ; , ,
1

1
, 1i

x c

a

b2
m = =

+ -

where a, b, and c are premise parameters, andμ(x),μ(y)ä [0, 1] aremembership degrees. Each layer in ANFIS
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The entire ANFIS computation process is shown infigures 2 and 3.

2.2. ANFISmodel configuration
EachANFISmodel consists offive layers andwas trained to predict the invariant yield defined as:

N

d N

dp dy

1
.

Tevt

2

Inputs to themodel include s , pT, and centrality. Triangularmembership functions (trimf)were used for
inputs, while a linear functionwas adopted for outputs. The hybrid learningmethod combined backpropagation
and least-squares optimization to iteratively adjust both premise and consequent parameters.

Figure 1.Conceptual illustration of the AdaptiveNeuro-Fuzzy Inference System (ANFIS) as a hybrid artificial intelligence technique,
integrating fuzzy logic with neural network learning for nonlinear systemmodeling.

Figure 2. Schematic architecture of afive-layer ANFISmodel. Each layer performs a distinct operation, including fuzzification, rule
evaluation, normalization, defuzzification, and output summation.
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Separate ANFIS networks were trained for each hadron species:π+,π−,K+,K−, p, and p̄. The number of
fuzzy rules andmembership functionswere optimized via a trial-and-error procedure tominimize the root
mean squared error (RMSE) andmean squared error (MSE) during training.

The selected configuration parameters used during training - including node counts, learning algorithm,
and number of rules - are summarized in table 1. These settings were chosen to balance computational efficiency
with prediction accuracy and ensure robust generalization, especially in regionswith limited experimental data.

These configurations ensure themodel is computationally efficient, generalizes well, and enables
extrapolation in sparse regions of the pT spectrum.

2.3. dΩ/dy based on the particlemomentum spectra pT
The value of dΩ/dy (entropy density per unit rapidity) is calculated based on thefinal phase-space density
f (p, r, tf) at the freeze-out time tf. The observed spectra reflect only the finalmomenta p of the particles [16].
Correlations are required to determine the spatial structure of f, as they reveal the characteristic scales of f (p, r, t)
forfixed values of p [16, 49, 50]. It has been proposed that a softer equation of state (EOS), associatedwith a first-
order phase transition to theQGP accompanied by significant latent heat, results in prolonged or extended
source sizes [16, 51]. The observation that quark-gluon plasma (QGP)models successfully reproduce particle

Figure 3. Flowchart outlining theANFIS processing pipeline used formodeling the pT spectra and entropy per unit rapidity in heavy-
ion collisions.

Table 1.KeyANFIS parameters used for Au–Au collisions at s 7.7=
and 11.5GeV.

Parameter Value /Range

Number of nodes 16–44

Training epochs 10–1000

Learning algorithm Hybrid (Least Squares+
Backpropagation)

Inputmembership

functions

Triangular (trimf)

Outputmembership

function

Linear

Fuzzy rules 3–10

Performancemetrics RMSE,MSE
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spectra but tend to overestimate the sizes of emission sources [52–58] suggests that the entropy atNICA energies
may be lower than that predicted for aQGP.

In this context, we determine dΩ/dy for hadrons such asπ+,π−,K+,K−, p, and p̄ at freeze-out by analyzing
the particle yields, transversemomentum spectra, and source sizes in central Au–Au collisions atNICA energies
of s 7.7NN = and 11.5GeV.Making a comparison between the calculated values of dΩ/dy for thementioned
particles and those of the early-stage partonicmediumhelps address critical questions regarding the initial
conditions of the collisions and the thermalization of partonic degrees of freedom [16].

Within the framework of Landau quasi-particle, the entropy is expressed as [10, 16, 50, 59]

( )
( )
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where (− )+ sign represents (fermions) bosons. The term2I+ 1 corresponds to the spin-degeneracy of the
considered particles. f= 1within the classical limit, contributions from f 2 and higher-order terms in f are
negligible. The classical approximation holds for any particles, with the exception of pions. In case of pions, f 2

accounts for less than 3%of the total contribution.
For a three-dimensional Gaussian density profile in coordinate space, the single-particle phase-space

distribution function at or after freezeout at any time t is [16]
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whereDx,Dy, andDz are depending on p. Since particle spectra are derived by integrating the phase-space
distribution function, themaximumvalue fmax(p) and the full distribution f (p, r, t) could be calculated from the
measured spectra and radii parameters as
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whereD3=Dx.Dy.Dz. Chemical equilibration is not considered, as the relations not incorporate chemical
potentials or temperature. In contrast, the phase-space densities and consequently the entropy values-are
functions of the particle spectra and source dimensions, which are experimentally accessible quantities.

Two-particle correlations are examined in the Longitudinally Co-Moving System (LCMS), where the total
longitudinalmomentum for each pair of particles is equal to zero (pz,1+ pz,2= 0GeV/c) [52–58]. To extract
femtoscopic radii, themeasured correlation functions are fitted to the following form [52–58]:
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where q= k1− k2 andK= (k1+ k2)/2.
TheGaussianwidths in the LCMS frame of equation (11) is connected to the source radii by a factor

/m p m2
T
2G = + in the two-particle correlation rest frame. The densities of phase-space distribution are

depended on the product of the three radii as [10, 16]
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The values of bothDinv andDout,Dside,Dlong that estimated from two-pion correlations inAu-Aunuclear
collisions at s= 7.7 and 11.5GeV are published in [52–58].

Using equation (7), dΩ/dy is obtained by substituting the radii in equation (10) [10] as
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where the distribution function of phase space, F, is defined as [10]
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To calculate dΩ/dy, we extrapolated the observed spectra, E d N

d p

3

3 , at pT= 0. For this reason,We confronted the pT
spectra to two different fitting functions deduced from two theoreticalmodels namely; HRGandTsallis.
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Thefitting function used for theHRGmodel is given below [60]
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whereV,μ, andT are the parameters of the statisticalfit.
Thefitting function considered for the Tsallis distribution is defined as [34, 35]
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The parameters of the statisticalfit are represented by dN/dy,T, andq.
In this work, a hybridfitting strategy is applied to the transversemomentum (pT) spectra, where the Tsallis

distribution describes the low-pT region, and theHadronResonanceGas (HRG)modelfits the intermediate to
high-pT domain. This combinationwas chosen based onfitting performance: Tsallis captures the exponential
behavior at low pT, whileHRGprovides a better thermal description at highermomenta.

To connect the twomodels, a transition point is selected based on the bin-averagedmidpoint between the
last data point accurately described by Tsallis and the first betterfitted byHRG. This pointminimizes any
discontinuity and is indicated by a vertical line in the plots.

The entropy per unit rapidity (dΩ/dy) is calculated by integrating the entropy density across the full pT
range. The integration includes themeasured region using the combined fit, extrapolations at low pT using
Tsallis, and at high pTusingHRG. This approach ensures physical consistencywhile respecting the validity range
of eachmodel.

Although this piecewisemethod introduces somemodel dependence, I report the transition points and
entropy contributions clearly tomaintain transparency and reproducibility. Future extensionsmay consider
smoother interpolations or unified formalisms derived from first principles.

3. The results

Thiswork presents the calculated values of the transversemomentum spectra, E d N

d p

3

3 , and the entropy per unit

rapidity, dΩ/dy, for central Au–Au collisions at the plannedNICA accelerator energies of s 7.7NN = and 11.5
GeV [18, 19].TheANFIS simulationmodel has the capability to predict values that have not yet beenmeasured.
TheANFISmodel was trained using 70%of the available experimental data for the transversemomentum

spectra, E d N

d p

3

3 , of hadrons includingπ+,π−,K+,K−, p, and p̄ at s 7.7= and 11.5GeV, respectively. The

validation of theANFISmodel was performed by testing its ability to predict experimental values of E d N

d p

3

3 for the

considered particles at the specified energies. The results obtained from theANFISmodel were comparedwith

the corresponding experimental data for the considered particles. The simulated results of E d N

d p

3

3 were used as

input data to calculate dΩ/dy for the considered particles.

3.1. The results of E d N

d p

3

3 and dΩ/dy fromAu-Au collision at s=7.7GeV

Weestimated the transversemomentumdistributions of hadrons, includingπ+,π−,K+,K−, p, and p̄, produced
inAu–Au collisions at s 7.7 GeV= using the ANFIS simulationmodel [29–32]. The calculated results are
comparedwith the experimental data [18, 19] for the considered particles. The simulated values of E d N

d p

3

3

obtained from theANFISmodel are used as input to calculate dΩ/dy. Additionally, the source radii of the
identified particles are taken from [52–58]. TheANFIS procedure used to calculate the transversemomentum
spectra (pT) of the identified particles fromAu–Au collisions at s 7.7= GeV is summarized in table 2. This
procedure employs a supervised learning algorithmbased on the input/output experimental data. TheANFIS
model is constructed

using the experimental data as inputs. It consists of six networks, each constructed to carry out the
calculation process for a different particle species. Each network is defined by the type and number of
membership functions (MFs)used for both inputs and outputs. The networks used in this study consist of three
input parameters: s , pT, and centrality; and one output quantity, N

d N

dy dp

1

Tevt

2

.

The input variables used for theANFISmodel were selected based on their physical relevance to hadron
production in relativistic heavy-ion collisions, as well as their statistical connection to the target output.
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Specifically, we used the center-of-mass energy sNN , the transversemomentum pT, and the collision centrality.
The selected input set was found to offer a good compromise between accuracy and physical interpretation,
which is important for the ANFIS hybrid AImodel.

Since the output values vary between different particle species, we trained eachANFIS network
independently for every particle. The input datawere used to train and evaluate the six proposedmodels (ANFIS
1 toANFIS 6), each corresponding to a specific particle:π+,π−,K+,K−, p, and p̄ at s 7.7= GeV. The
membership functions in themodels were selected based on a trial-and-error approach to ensure optimal
performance during training. The optimal ANFIS networkwas selected by retraining themodelmultiple times
with different configurations and choosing the one that achieved the lowest training error. Additionally, the
number of training epochswas adjusted to furtherminimize the training error. Themodel was further trained
using the hybrid learning algorithmwith zero error tolerance to ensure precise convergence. TheANFISmodels
were constructed using triangularmembership functions (Trimf) for the inputs in ANFIS 1 throughANFIS 6,
whereas a linear functionwas applied to the output layer. The Trimfmethod does not lead to overfitting and
results in the lowest RMSE. It allows for easy interpretation and visualization of the inputs through fuzziness,
which enhances themodel’s transparency. Trimf also provides faster training and evaluation, especially when
workingwith large datasets, offering a good balance between accuracy and simplicity. Figure 4 shows the
architectures of the best-trainedANFIS 1 toANFIS 6models for the six hadrons: (a)π+, (b)π−, (c)K+, (d)K−,

Figure 4.MATLAB-generated ANFIS architectures for the considered hadrons: (a)π+, (b)π−, (c)K+, (d)K−, (e) p, and (f) p̄.

Table 2.ANFISmodel input parameters of particlesπ+,π−, k+, k−, p, and p̄ at s=7.7 GeV.

ANFIS Parameters TheUsedHadrons

ANFIS1 ANFIS2 ANFIS3 ANFIS4 ANFIS5 ANFIS6

π+ π− K+ K− p p̄

Inputs S pT(GeV) Centrality

s 7.7(GeV)
Output

N

d N

dydp

1

evt T

2

Number ofNodes 40 24 40 20 44 32

Epochs 20 30 60 30 80 20

Number of Linear Parameters 9 5 9 4 10 7

Number ofNon-Linear Parameters 27 15 27 12 30 21

Total Number of Parameters 36 20 36 16 40 28

Number of Training data pairs 18 21 13 18 15 8

Number of Fuzzy Rules 9 5 9 4 10 7

ANFIS Start Training 0.0744 0.24089 0.0088 0.0325 0.0234 0.0002

MSE 0.0049 0.029 0.00007 0.001 0.0005 0.00000004

Minimal Training (RMSE) 0.0705 0.1731 0.0088 0.0325 0.0235 0.0002

Type ofMembrane Functions (Inputs) Trimf

Type ofMF (Outputs) Linear

7

Phys. Scr. 100 (2025) 085306 MNasar et al



(e) p, and (f) p̄, respectively. Using the proposedANFIS 1–ANFIS 6models [61, 62], we achieved the lowest
Mean Squared Error (MSE) values for each particle.

The optimal performance of eachANFIS network is evaluated using the errormetrics: instantaneous error et,
mean error ēt , mean squared error (MSE), rootmean squared error (RMSE), and standard deviation error (Std),
all calculated from the training dataset and defined in equations (17)–(21) [63].

( )e Values Values , 17t predicted measured= -

¯ ( )/e e n, 18t t=

( ) ( )/MSE n e1 , 19
t

n

t
1

2å=
=

( ) ( )/RMSE n e1 , 20
t

n

t
1

2å=
=

( )Std
e

n
1 . 21

t

n
t

1

2

å= -
=

where n represents the number of points for experimental data. Amean squared error (MSE) value approaching
zero indicates that the discrepancy between theANFIS network output and the target output isminimal,
reflecting high prediction accuracy.When theMSE value is zero, itmeans there’s no difference or error between
the network’s output and the desired result. The RMSE value shows how closely the outputs are correlated. The
strong agreement between the proposedmodel and the experimental data encourages us to predict some pT
values for the considered particles at s 7.7= GeV. These positive results open the door for deeper
investigations and predictions of key physical quantities, especially in areas not yet explored experimentally. The
RMSE values obtained for the particles (a)π+, (b)π−, (c) k+, (d) k−, (e) p, and (f) p̄ are displayed infigure 5.

As shown infigure 5,most points lie very close to the zero-error line, which confirms the effectiveness of the
appliedmodel. For all particles considered, the RMSE values are very small, indicating excellent agreement
between the ANFISmodel predictions and the experimental data. The best training results for all particles are
clearly illustrated infigure 6. The RMSE valueswere obtained after epochs 20, 30, 60, 30, 80, and 20 for particles
(a)π+, (b)π−, (c) k+, (d) k−, (e) p, and (f) p̄, respectively. These results are presented alongside the suggested
fuzzy rules in table 2. Theminimal trainingMSE did not exceed 10−1 within the range of epochs from20 to 80
for the particlesmentioned. Themembership functions (inputs) used in the ANFISmodel are of the Trimf type,
with a linear function applied in the output layer for all particles. This shows that the best ANFIS networks follow
the Takagi-Sugeno type and involvemultiple parameters, as detailed in table 2. Additionally, these networks
utilize theweighted average (Wtaver)method as the defuzzification technique during training.

In order to calculate d

dy

W , we extrapolated themeasured particle spectra ofπ+,π−, k+, k−, p, and p̄ [18, 19] to

pT= 0. The values of both observed and simulated particle transversemomentum spectra, pT, arefitted using
two functions fromdifferent theoreticalmodels: theHRGmodel [33] and theTsallis distribution [34, 35]. Both
approaches successfully described the entire range of the pT spectra. Additionally, 〈pT〉 is sensitive to thefitting
range selected for the pT spectra. Variations in the 〈pT〉 values resulting from the considered fitting ranges are
incorporated into the overall systematic uncertainties [64]. The results presented here represent the combined

Figure 5.MinimalRMSE values obtained for the hadrons (a)π+, (b)π−, (c) k+, (d) k−, (e) p, and (f) p̄ using theANFISmodel.
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systematic and statistical uncertainties added in quadrature, with the statistical uncertainties being negligibly
small. The comparison between the simulated andmeasured transversemomentum spectra, pT,fitted using
both theHRG andTsallismodels [34, 35], is clearly presented infigure 7 for the particles (a)π+, (b)π−, (c) k+,
(d) k−, (e) p, and (f) p̄. Figure 7 illustrates the reason for using twofitting functions: the Tsallis distribution
effectively describes the low-pT region of the particle spectra, while theHRGmodel fits the high-pT region.We
summarized thefitting parameters of theHRGandTsallismodels in tables 3 and 4, respectively, comparing
themwith both the observed and simulated values.

A detailed comparison between the ANFIS, Tsallis, andHRGmodels reveals noticeable differences in both
the shape and extrapolation behavior of the transversemomentum spectra.While allmodels show good
agreement in themid-pT region, the ANFIS predictions tend to better capture the curvature of the spectra at low
and high pT, particularly for heavier hadrons such as protons and antiprotons. This improved performance is
attributed toANFIS’s ability to learn nonlinear features from the datawithout assuming afixed functional form.

Thedifferences betweenmodels also translate into variations in the estimated entropyperunit rapidity (dΩ/dy).
For instance, in thehigh-pT regionwhere data are sparse, theHRGmodel oftenunderestimates contributions to the
entropy compared toANFIS,which is capable of extrapolatingmore smoothly basedon learneddatapatterns. These
discrepancies highlight themodel dependenceof entropy calculations, especiallywhen integratingover extendedpT
ranges.

Uncertainty in theANFIS predictions arises primarily from the limited size and coverage of the training
dataset, as well as from themodel’s sensitivity to input parameter tuning.While the current work focuses on
central predictions, we acknowledge the need for formal uncertainty quantificationmethods-such as ensemble
modeling or input perturbation-whichwill be addressed in future studies. Despite this, the consistent
performance of ANFIS across different particle species suggests it is a robust tool formodeling hadronic
observables at intermediate energies.

Figure 6.Best training results for the hadrons (a)π+, (b)π−, (c) k+, (d) k−, (e) p, and (f) p̄.

Figure 7.The particlemomentum spectra [18, 19, 64], represented by blue closed inverse triangle symbols, of thementioned hadrons
(a)π+, (b)π−,(c) k+, (d) k−, (e) p, and (f) p̄ is confronted to the statistical fits fromTsallis distribution, appeared by red solid line, using
equation (16) and theHRGmodel, appeared by solid blue line, using equation (15) at s 7.7= GeV. A separating line, appeared by
solid black line, ismade between bothHRG andTsallismodels. The observed values and the two statisticalfit functions are confronted
to the one calculated from theANFISmodel, appeared by black triangle symbols. The prediction of some values by ANFISmodel is
shown by red color star symbols. The uncertainties are statistical and systematic added in quadrature.
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Table 3.The statistical fitting parameters of pT spectra as comparing the observed values [18, 19] to theHRGmodel, equation (15), and the Tasllis distribution, equation (16), of particles π+,π−, k+, k−, p, and p̄ at s=7.7GeV.

Hadron
Tsallis HRG approach

χ2 /dof

dN/dy TTsGeV q V fm3 TthGeV μGeV

π+ 167.313 ± 17.93 0.044936 ± 0.0052 1.19401 ± 0.1193 79.678 ± 88.9885 0.2316 ± 0.1822 6.15425± 1.3801 0.0475/9

π− 105.179 ± 11.43 0.07284 ± 0.0082 1.1379 ± 0.1521 534.078± 144.738 0.5283 ± 0.03257 8.253 ± 0.2705 12.269/14

K+ 9.47079 ± 0.8951 0.12023 ± 0.0142 1.10967 ± 0.1692 11312± 5224.5 1.0965± 0.0597 10.1193 ± 0.3552 11/6

K− 13.317 ± 1.5261 0.1052 ± 0.0129 1.11337 ± 0.1193 5251.68 ± 1016.59 0.9282 ± 0.0234 9.8205± 0.1489 236.085/12

p 90.9097 ± 10.03 0.0914 ± 0.0098 1.15275 ± 0.1357 6256.7± 1312 0.5989± 0.3211 7.5465 ± 1.3412 0.0169/7

p̄ 1.1319 ± 0.1472 0.0964 ± 0.001251 1.2421 ± 0.1421 6.9859 ± 2.6106 0.3982 ± 0.0851 5.1304 ± 0.4311 3.0475/4
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Table 4. Similar to that of table 3 but thefitting parameters are obtained from comparing the used theoreticalmodels withANFIS simulationmodel.

Hadron
Tsallis HRG approach

χ2 /dof

dN / dy TGeV q V fm3 TGeV μGeV

π+ 168.213 ± 17.054 0.04562 ± 0.0042 1.1825 ± 0.109 65.516 ± 45.7421 0.3581 ± 0.0375 5.8371 ± 1.0584 0.0573/13

π− 103.821 ± 12.315 0.0813 ± 0.0079 1.1251 ± 0.106 526.754 ± 156.213 0.4917± 0.00532 7.9721± 0.2617 13.765/14

K+ 9.2831 ± 0.8976 0.1391 ± 0.0147 1.1254 ± 0.137 11761± 6731.23 1.1210 ± 0.0421 9.9421± 0.5217 18.23/7

K− 14.098 ± 0.1398 0.1161 ± 0.0215 1.11487 ± 0.1263 5743.31± 1100.51 0.8931± 0.02931 8.6512± 0.1621 255.917/16

p 83.7281 ± 9.792 0.08421 ± 0.00986 1.1376 ± 0.1402 6735.94± 1218 0.6815 ± 0.4174 6.9854 ± 1.2043 0.0205/8

p̄ 1.1174 ± 0.1402 0.1021 ± 0.0241 1.1951 ± 0.1302 5.3421 ± 1.9581 0.4261 ± 0.0681 6.461 ± 0.3761 4.871/5
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The calculated values of d

dy

W fromAu-Au collisions at s 7.7= GeVusing theHRGmodel, Tsallis

distribution, andANFIS simulation for particlesπ+,π−, k+, k−, p, and p̄ are presented in table 5. This table also
highlights the impact of the fitting functions used in theHRGandTsallismodels on the estimated dΩ/dy. A
comparisonwith the ANFIS results shows good agreement among all the proposedmodels.

Table 5 shows that the values of d

dy

W obtained from the statisticalfits of both theHRGandTsallismodels are

in better agreement with those estimated by the ANFISmodel. The good agreement between the theoretical
models (HRGandTsallis) and the ANFIS simulation in estimating d

dy

W supports the use of theANFISmodel to

predict values at the energies relevant to futureNICA facilities.
The entropy per rapidity values calculated using the Tsallis, HRG, andANFISmodels show a generally good

level of agreement, especially for the lighter hadrons such as pions and kaons. TheTsallis distribution provides a
reliable description in the low-to-intermediate pT region, while theHRGmodel complements it well at higher
pT, and their combination captures the full spectrum effectively. TheANFIS predictions follow the same trend
and staywithin the uncertainty range of the othermethods, reinforcing its validity as a data-driven approach.
The uncertainties, derived from the propagation offit parameter errors, give a clearer picture of themodel
stability and indicate where extrapolations contributemost to the final entropy estimates.

3.2. The results of E d N

d p

3

3 and dΩ/dy fromAu-Au collisions at s=11.5GeV

We trained the proposedANFIS simulationmodel [29–32] to estimate the transversemomentum spectra pT of
particlesπ+,π−, k+, k−, p, and p̄ produced in Au-Au collisions at s 11.5= GeV [18, 19]. The calculated
results are comparedwith the experimental data of the considered particles [18, 19]. The simulated values of

E d N

d p

3

3 obtained from theANFISmodel are then used as input to calculate d

dy

W . Additionally, the source radii values

for the considered particles were taken from [52–58]. The steps followed in the ANFIS simulation to calculate
the transversemomentum spectra pT of these particles produced inAu-Au collisions at s 7.7= GeV are
summarized in table 6. This process involves a supervised learning algorithm, which depends on the input/
output experimental data used during training. TheANFISmodel is developed based on the experimental data

Table 5.The calculated values of the entropy-per-rapidity dΩ/dy fromAu-Au nuclear collisions at s=7.7GeV using theHRGmodel,
Tsallis distribution, and theANFISmodel.

Hadron dΩ/dy dΩ/dy Including Tsallis dΩ/dy Including (HRG+Tsallis) dΩ/dy obtained byANFIS

π+ 294.413 ± 44.5 683.009 ± 104.0 684.359± 110.7 679.241 ± 51.6

π− 302.611 ± 36.7 482.864 ± 91.0 483.56 ± 98.1 491.54 ± 43.2

K+ 34.23 ± 7.6 56.35± 13.5 68.664 ± 15.5 67.96 ± 12.3

K− 81.0268 ± 8.1 94.0706± 11.8 94.8378± 14 95.648 ± 13.1

p 455.854 ± 61.3 539.251 ± 97.0 549.517 ± 114.4 538.745 ± 52.7

p̄ 5.02324 ± 1.0 6.1298 ± 1.52 7.0174 ± 1.81 9.3721 ± 1.65

Table 6.ANFISmodel input parameters of particlesπ+,π−, k+, k−, p, and p̄ at s=11.5GeV.

ANFIS Parameters
TheUsedHadrons

ANFIS1 ANFIS2 ANFIS3 ANFIS4 ANFIS5 ANFIS6

π+ π− K+ K− p p̄

Inputs S pT(GeV) Centrality

s 11.5(GeV)
Output

N

d N

dydp

1

evt T

2

Number ofNodes 20 24 20 20 16 16

Epochs 50 30 10 1000 30 30

Number of Linear Parameters 4 5 4 4 3 3

Number ofNon-Linear Parameters 12 15 12 12 9 9

Total Number of Parameters 16 20 16 16 12 12

Number of Training data pairs 21 21 20 16 22 18

Number of FuzzyRules 4 5 4 4 3 3

ANFIS Start Training 0.5429 0.2636 0.0867 0.0164 0.0834 0.0036

MSE 0.294 0.03 0.0057 0.0003 0.0069 0.000012

Minimal Training (RMSE) 0.5429 0.1734 0.0759 0.0164 0.0834 0.0036

Type ofMembrane Functions (Inputs) Trimf

Type ofMF (Outputs) Linear
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as inputs. It comprises six networks, each constructed tomodel one of the six different particles. Each network is
characterized by the type and number ofmembership functions (MFs) used for both the input and output layers.
The constructed networks consist of three input parameters: s , pT, and centrality, with one output value,

N

d N

dy dp

1

Tevt

2

. Due to the variation among particles, the output values differ; therefore, each networkwas trained

independently. The input data were used to train and evaluate the six proposedmodels (ANFIS 1-ANFIS 6),
corresponding to theparticlesπ+,π−, k+, k−, p, and p̄ at s 7.7= GeV.Themembership functions of themodels
were determined throughan iterative trial-and-error process. The bestANFISnetwork, identifiedby the lowest
training error, is selected aftermultiple retraining cycles using different configurationswithin themodel.
Additionally, the number of training epochs can be adjusted to furtherminimize the training errors. The procedure
was further refinedusing thehybrid learning algorithm,with the goal of achieving zero error tolerance. TheANFIS
modelswere constructedusing theTrimfmembership function for the input variables inANFIS1 throughANFIS
6,while a linear functionwas applied in theoutput layer. Figure 8 illustrates the architectures of the top-trained
ANFIS 1-ANFIS 6models for particles (a)π+, (b)π−, (c) k+, (d) k−, (e) p, and (f) p̄, respectively.Using themodels
ANFIS 1 throughANFIS 6 [61], the bestMean SquaredError (MSE) valueswere obtained.

Thebest performance of the network is evaluatedby analyzing the errormetrics: instantaneous error et,mean
error ēt ,Mean SquaredError (MSE), RootMean SquaredError (RMSE), and standard deviation error (Std), as
defined in equations (17–21) [63]. If theMSE coefficient approaches zero, it indicates that the difference between
the network output and the target output is negligible. In case theMSE coefficient equals 0, itmeans there is no
error ordifference between the desired output and the network output. TheRMSEvalue provides an indicationof
the degree of agreement between themodel outputs and the target values. The obtained values of bothMSE and
RMSE for the particles (a)π+, (b)π−, (c) k+, (d) k−, (e) p, and (f) p̄ are presented infigures 9 and10, respectively.

Figure 9. Similar to that offigure 5 but for hadrons (a)π+, (b)π−,(c) k+, (d) k−, (e) p, and (f) p̄ at s=11.5GeV.

Figure 8. Similar to that offigure 4 but for hadrons (a)π+, (b)π−,(c) k+, (d) k−, (e) p, and (f) p̄ at s=11.5GeV.
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As illustrated infigure 9,most points lie very close to the zero-error line, confirming the reliability of the
model results. It is clear that the RMSE values for all considered particles are close to each other, indicating
excellent agreement between the results of the proposed ANFISmodel and the experimental data. The excellent
agreement between the ANFISmodel and the observed data encourages us to predict pT values for the
mentioned particles at s 11.5= GeV.

As a result, further investigations andpredictionsof keyphysical quantities-especially in regionsnot yet explored
experimentally-canbepursued.Thebest training results for all definedparticles are clearly illustrated infigure10.The
correspondingRMSE valueswereobtained after epochs 50, 30, 10, 1000, 30, and30 forhadrons (a)π+, (b)π−, (c) k+,
(d) k−, (e)p, and (f) p̄, respectively. These results are presented alongwith all the fuzzy rules used in table 2. The
minimal trainingMSEwas found tonot exceed10−1within the epoch rangeof 20 to 80 for thementionedparticles.
Themembership functionsused in theproposedANFISmodel areof theTrimf type for the input layer and linear for
the output layer across all particles. It is demonstrated that the optimalANFISnetworks are of theTakagi-Sugeno type,
incorporatingmultiple parameters as detailed in table 6.Additionally, these networksutilize theweighted average
(Wtaver)methodas thedefuzzification techniqueduring the trainingprocess.

The estimated values of pT alongwith the source radii of the particlesπ
+,π−, k+, k−, p, and p̄ [52–58] are

used as input to calculate d

dy

W .

To achieve this, themeasured spectra of particlesπ+,π−, k+, k−, p, and p̄ [18, 19]were extrapolated down to
pT= 0. Both themeasured and simulated pT spectra are fitted using two functions based on different theoretical
models: theHRGmodel [33] and the Tsallis distribution [34, 35]. The two employedmodels have successfully
described the full range of the pT spectra. A comparison between the simulated andmeasured pT spectra, using
both theHRG [33] andTsallis [34, 35]fitting functions, is presented infigure 11 for the particles (a)π+, (b)π−,
(c) k+, (d) k−, (e) p, and (f) p̄. Figure 7 illustrates themotivation for employing twofitting functions: the Tsallis
distribution provides a better fit for the low-pT region of the particle spectra, while theHRGmodelmore
accurately describes the high-pT region.

Figure 10. Similar to that offigure 6 but for hadrons (a)π+, (b)π−,(c) k+, (d) k−, (e) p, and (f) p̄ at s=11.5GeV.

Figure 11.The particlemomentum spectra [18, 19, 64], represented by blue closed inverse triangle symbols, of particles (a)π+, (b)π−,
(c) k+, (d) k−, (e) p, and (f) p̄ is confronted to thefitting functions of Tsallis distribution, appeared by red solid line, using equation (16)
and theHRGmodel, appeared by solid blue line, using equation (15) at s 11.5= GeV. A separating line, appeared by solid black line,
ismade between bothHRG andTsallismodels. The observed values and the statistical fits of the two approaches are confronted to the
one calculated from theANFISmodel, represented by black triangle symbols. The prediction of some values byANFISmodel is shown
by red color star symbols. The uncertainties are statistical and systematic added in quadrature.
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Table 7.The statistical fitting parameters of pT spectra as comparing the observed values [18, 19] to theHRGmodel, equation (15), and the Tasllis distribution, equation (16), of particles π+,π−, k+, k−, p, and p̄ at s=11.5GeV.

Hadron
Tsallis distribution HRGmodel

χ2 /dof

dN/dy TTsGeV q V fm3 TthGeV μGeV

π+ 120.255 ± 13.45 0.0885 ± 0.0092 1.1142 ± 0.1281 5760± 1120.8 0.7759 ± 0.02066 9.7591± 0.1608 12.617/14

π− 130.895 ± 14.95 0.08025 ± 0.0089 1.12615 ± 0.1311 1732.26± 415.761 0.6362 ± 0.02686 8.9271 ± 0.2165 8.9477/14

K+ 27.099 ± 2.8345 0.1091 ± 0.0011 1.1146 ± 0.1207 11591± 2685.04 0.9519± 0.0288 9.7276 ± 0.1689 6.49/11

K− 12.417 ± 1.3042 0.1142 ± 0.0121 1.11227 ± 0.1192 4251.68 ± 1020.79 0.8282 ± 0.0234 7.9204± 0.1267 1.633/12

p 52.847 ± 5.9732 0.1074 ± 0.0119 1.1227 ± 0.1324 44.224 ± 1.079 0.1956± 0.0007 1.3014 ± 0.0058 0.0032/4

p̄ 1.8733 ± 0.1921 0.1374 ± 0.0149 1.1323 ± 0.1294 2.5765 ± 0.4058 0.1871 ± 0.0041 1.2045 ± 0.0366 0.0007/5
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Table 8. Similar to that of table 7 but thefitting functions, of both usedmodels, are compared to the ANFISmodel.

Hadron
Tsallis HRGapproach

χ2 /dof

dN / dy TGeV q V fm3 TGeV μGeV

π+ 122.513 ± 12.95 0.07431 ± 0.0082 1.1201 ± 0.1203 6101.516 ± 1240.10 0.6802 ± 0.03021 9.1061 ± 0.1852 13.473/14

π− 129.912 ± 12.99 0.0839 ± 0.096 1.1273 ± 0.1342 1697.51± 510 0.6873± 0.0361 7.6721± 0.2471 11.2/15

K+ 29.732 ± 3.1073 0.1151 ± 0.0129 1.1201 ± 0.1293 11207± 3051.41 1.051 ± 0.0301 8.9051± 0.2061 8.51/12

K− 11.692 ± 1.2972 0.1281 ± 0.0137 1.11729 ± 0.1209 5061.52± 1081.21 0.8731± 0.02731 8.2076± 0.1371 1.976/17

p 55.614 ± 5.9732 0.0975 ± 0.0099 1.1295 ± 0.1392 47.781 ± 1.821 0.2351 ± 0.0050 1.3974 ± 0.0063 0.0051/5

p̄ 1.8194 ± 0.1972 0.1197 ± 0.0213 1.1283 ± 0.1304 3.1843 ± 0.5732 0.1695 ± 0.0062 1.4631 ± 0.0472 0.0009/6
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The resulting fitting parameters fromboth theHRGandTsallismodels are summarized in tables 7 and 8,
respectively, where they are comparedwith both the observed data [18, 19] and the corresponding simulated
values.

The calculated values of d

dy

W fromAu-Au nuclear collisions at s 11.5= GeV, obtained using theHRG

model, Tsallis distribution, and theANFIS simulation for particlesπ+,π−, k+, k−, p, and p̄, are presented in
table 9. Thefitting parameters of theHRGmodel and theTsallis distribution are presented in table 9.We
compared the calculated values of d

dy

W obtained from theHRGandTsallis fits with those predicted by the ANFIS

model. The comparison shows strong agreement among themodels.
At s 11.5NN = GeV, the entropy per unit rapidity (dΩ/dy)was evaluated for six hadron species using four

approaches: the Tsallis distribution, theHRGmodel, a hybrid fit combining both, and the ANFIS simulation.
The results are summarized in table 9. For instance, in the case ofπ+, the Tsallismodel yielded 551.2 ± 78.3,
while theHRGmodel produced a lower value of 367.7 ± 42.6. Combining the fits across different pT regions led
to an entropy value of 552.6 ± 89.7, closely alignedwith the ANFIS prediction of 551.0 ± 41.3. Similar
consistency is observed across the remaining hadrons, where ANFIS outputs are in excellent agreementwith the
hybridmodel, confirming the robustness of the entropy estimates.

The entropy per unit rapidity serves as a key thermodynamic observable, reflecting the system’smicroscopic
degrees of freedom and evolution at the freeze-out stage.Within theQCDphase diagram, its behaviormay offer
indirect signals of phase transitions.While a smooth increase in dΩ/dywith energy is generally expected due to
enhanced particle production, non-monotonic behaviormay suggest deconfinement or the vicinity of a critical
point.

AtNICA energies ( s 7.7= and 11.5GeV), where the baryon chemical potential is high, the extracted pT
spectra and entropy provide valuable probes of denseQCDmatter. Thermalmodels such as Tsallis andHRG
have proven effective in describing the spectra but rely on simplifying assumptions-Tsallis being
phenomenological andHRGassuming a chemically equilibrated, non-interacting hadron gas-whichmay limit
their applicability at largeμB.

TheANFIS framework offers a complementary, data-driven approach capable of learning from
experimental trends andmaking reliable predictions even beyond themeasured range. However, its predictive
accuracy depends heavily on the quality and extent of its training data. In regionswhere experimental data are
sparse or new physicsmay emerge, such as near phase boundaries, cautionmust be exercisedwhen interpreting
its outputs [65, 66].

Together, thesemethodologies enhance our ability to probe theQCDphase structure and contribute
meaningfully to the overarching goals of theNICAprogram, particularly in exploring the behavior of strongly
interactingmatter under extreme conditions.

4. Conclusions

In this study, we analyzed the transversemomentum (pT) spectra of particlesπ
+,π−, k+, k−, p, and p̄ produced

inAu-Au collisions at the plannedNICA energies of s 7.7= and 11.5GeV. The proposed ANFIS simulation
model was employed to estimate the pT distributions.When comparedwith experimental data, theANFIS
model demonstrated excellent agreement, validating its effectiveness andmotivating its use for predicting values
in regions beyond currentmeasurements.

The predicted pT values, alongwith source size inputs, were used to calculate the entropy per unit rapidity
(dΩ/dy). To cover the full pT range-including the unmeasured low-pT region-experimental spectrawere
extrapolated to pT= 0. Both themeasured and predicted spectra werefitted using two theoreticalmodels: the
HadronResonanceGas (HRG)model and the Tsallis distribution. Eachmodel effectively described different
parts of the spectra: Tsallis captured the low-pT region, whileHRGperformed better at higher pT. This
complementary fitting approach successfully reproduced the full pT range.

Table 9. Similar to that of table 5 but at s=11.5GeV.

Hadron dΩ/dy dΩ/dy Including Tsallis dΩ/dy Including (HRG+Tsallis) dΩ/dy obtained byANFISmodel

π+ 367.699 ± 42.6 551.197 ± 78.3 552.579± 89.7 550.98141.3

π− 377.328 ± 39.2 581.927 ± 81.0 583.207 ± 90.1 590.41 ± 42.0

K+ 166.343 ± 19.3 182.602± 26.7 183.851 ± 32.6 184.16 ± 13.8

K− 81.027 ± 10.8 94.071 ± 13.4 94.8378 ± 17.2 93.25 ± 7.5

p 170.159 ± 21.5 346.845 ± 52.4 351.625 ± 56.6 352.75 ± 30.2

p̄ 12.3694 ± 2.1 15.9256 ± 2.7 16.123 ± 3.4 18.75 ± 1.9

17

Phys. Scr. 100 (2025) 085306 MNasar et al



The consistency between the ANFISmodel outputs and the experimental data confirms its reliability as a
predictive tool. Its success inmodelingmeasured spectra and estimating dΩ/dy suggests it can be confidently
applied to explore critical observables in regions not yet accessible experimentally. This work supports the use of
hybrid approaches-combiningmachine learning and theoreticalmodels-to probe the properties of strongly
interactingmatter at NICA energies.
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